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Binary particle collisions with mass exchange

(m,v) + (m1,v1) collision−−−−→ (m′,v′) + (m′
1,v

′
1)

▶ Mass conservation: m+m1 = m′ +m′
1

▶ Elastic collision (momentum & energy):

mv +m1v1 = m′v′ +m′
1v

′
1

m|v|2 +m1|v1|2 = m′|v′|2 +m′
1|v′

1|2

▶ Mass exchange rate: Am,m1;m′ (symmetric in m,m1)
▶ Velocity change rate (cross section): B

(
mm1

m+m1
|v − v1|2, ω · v−v1

|v−v1|

)
,

v′ = vCM + α

√
m1

m
(I − 2ω ⊗ ω)(v − v1), vCM = mv +m1v1

m+m1

v′
1 = vCM − α

√
m

m1
(I − 2ω ⊗ ω)(v − v1), α =

√
mm1

m+m1
, ω(deflection angle)



Boltzmann Equation with Mass Exchange: An Infinite System

∂

∂t
fm(x,v, t) + v · ∇xfm(x,v, t) = Qm(f), ∀m ∈ N, ∀x,v ∈ Rd, t > 0

Collision Operator

Qm(f)(v) =
∫

(v1,Ω)∈Rd×Sd−1

(v−v1)·Ω≤0

B
(

mm1

m + m1
|v − v1|2, Ω · v − v1

|v − v1|

)

×

 ∑
(m′,m′

1)
m′+m′

1≥m+1

Am′,m′
1;mfm′ fm′

1

(
mm1

m′m′
1

) d
2

−
∞∑

m1=1

m+m1−1∑
m′=1

Am,m1;m′ fmfm1

 dv1dΩ



Detailed balanced size distribution for multiplicative exchange rates
Multiplicative Rate Assumption:
There exists {γm}m≥1 ⊂ [0,∞) such that:

Am,m1;m′ = γmγm1 for all m,m1 ≥ 1 and m′ ∈ {1, . . . ,m+m1 − 1}

For pure mass exchange (v,v1 = 0):

m+m1
γmγm1−−−−−⇀↽−−−−−
γm′ γm′

1

m′ +m′
1

Normalized detailed balanced size distribution: for some β < β0

fβ
m := eβm

γmZβ
, Zβ :=

∑
m≥1

meβm

γm
,

∑
m≥1

mfβ
m = 1

Expectation w.r.t. equilibrium size distribution:

⟨am⟩β =
∑
m≥1

am mfβ
m



Entropy dissipation with multiplicative rates

Entropy Dissipation Inequality:∑
m≥1

∫
Rd
Qm(f) log

(
γmfm

md/2

)
dv ≤ 0

H-Theorem - Entropy Decay:
Define the entropy (convex) functional:

H[f ] =
∑
m≥1

∫
Rd

[
fm log fm +

(
log γm − d

2 logm
)
fm

]
dv

which satisfies:
d
dtH[f ] ≤ 0



Hydrodynamics limit

∂tf
ε
m + v · ∇xf

ε
m = 1

ε
Qm(fε), ∀m ≥ 1, ∀x,v ∈ Rd, t > 0

As Knudsen number ε → 0,
fε → f = ρMu,Θ,β

and M = (N , ρ,p, E) satisfy the Euler system of d + 3 equations

∂tN + ∇ · (Nu) = 0
∂tρ+ ∇ · (ρu) = 0

∂t(ρu) + ∇ · (ρu ⊗ u) + ∇p = 0, E = ρ
2 |u|2 + p

γ − 1 ,

∂tE + ∇ · ((E + p)u) = 0

where γ = 1 + 2/d. It is the monatomic gas.



Navier-Stokes Mass-Exchange (NS-ME) Model as BGK-ME Approximation

BGK-ME Kinetic Equation

∂tf
ε
m + v · ∇xf

ε
m = 1

ε

(
ρfε

(
Mufε ,Θfε ,βfε

)
m

− fε
m

)
, ∀m ≥ 1

NSME using the Chapman-Enskog procedure

∂tN + ∇ · (Nu) = ∇ · (ν∇xχ),
∂tρ+ ∇ · (ρu) = 0,

∂t(ρu) + ∇ · (ρu ⊗ u) + ∇p = ∇ · (µσ(u)),
∂tE + ∇ · ((E + p)u) = ∇ ·

(
( d

2 + 1)νΘ∇xχ+ κ∇Θ + µσ(u)u
)
,



Positivity of Transport Coefficients
Viscosity and Conductivity Coefficients
The Navier-Stokes mass-exchange system features three strictly positive transport coefficients:

µ = ερΘ⟨m−1⟩β > 0 (Shear viscosity)

κ = ε
d + 2

2 ρΘ⟨m−2⟩β > 0 (Thermal conductivity)

ν = ερΘ
(
⟨m−2⟩β − ⟨m−1⟩2

β

)
> 0 (Mass diffusion coefficient)

Auxiliary Operators
▶ Stress tensor:

σ(u) = ∇u + (∇u)T − 2
d(∇ · u)Id

▶ Thermodynamic potential:

χ = log
(
ρΘ
Zβ

)



Entropy Dissipation in NSME System

Theorem (Entropy Inequality)
For smooth solutions (ρ,u,Θ, β) of NSME, the entropy S satisfies:

∂tS + ∇ · ϕ̃ = −D ≤ 0

where the dissipation D is:

D = ν|∇χ|2︸ ︷︷ ︸
Mass diffusion

+ κ

∣∣∣∣∇Θ
Θ

∣∣∣∣2

︸ ︷︷ ︸
Heat conduction

+ µ

2Θσ(u) : σ(u)︸ ︷︷ ︸
Viscous dissipation

≥ 0

The NSME entropy flux ϕ̃ modifies the equilibrium flux ϕ = Su by:

ϕ̃ = ϕ + ε

[
−ν

(
log ρ− logZ − 1 − d

2
)

∇χ+ κ
∇Θ
Θ

]



Binary particle collisions with continuous mass exchange, notations

(m,v) + (m1,v1) collision−−−−→ (m′,v′) + (m′
1,v

′
1)

α : = m′

S
, θ := m

S
, S := m+m1

s =

√
θ(1 − θ)
α(1 − α) , Rω = I − 2ω ⊗ ω

vCM = mv +m1v1

m+m1

v′ = vCM + (1 − α)sRω(v − v1),
v′

1 = vCM − αsRω(v − v1),

▶ Mass exchange rate: a(m,m1, α) symmetric in m,m1

▶ Velocity change rate (cross section): B
(

mm1
m+m1

|v − v1|2, ω · v−v1
|v−v1|

)
= B

(
Ered, ω · u

|u|

)



Spatially Homogenous Continuous-mass BME

Take X = (0,∞)m ×Rd
v. The spatially homogeneous Boltzmann equation with mass exchange

reads

∂tf(t,x) = Q(f(t), f(t))(x), f(0,x) = f0(x) ≥ 0, t > 0,x ∈ X. (BME)

The weak formulation of the collision operator is given by

Q(f, f)[ψ] := 1
2

∫
X2

∫
Sd−1

∫ 1

0
a(m,m1, α)B(Ered, ω · û)f(x)f(x1)∆ψdαdωdx1dx,

∆ψ := ψ(x′) + ψ(x′
1) − ψ(x) − ψ(x1), for all ψ ∈ Bb(X),

Q(f, f)[ψ] =
∫

X

Q(f, f)(x)ψ(x)dx, for all ψ ∈ Bb(X).



Kernel Assumptions

Mass exchange rate.
(K1B) a : (0,∞)2 × (0, 1) → [0,∞) is measurable, bounded, and continuous.
(K1L) a : (0,∞)2 × (0, 1) → [0,∞) is measurable, continuous and satisfies

a(m,m1, α) ≲ 1 +m+m1.

(K3) a(m,m1, α) = a(m1,m, α) = a(m,m1, 1 − α) for all m,m1 > 0 and α ∈ (0, 1).
(RV) There exist a PDF g ∈ C([0, 1]; [0,∞)), g(α) = g(1 − α), a function

λ ∈ C((0,∞)2; (0,∞)) such that λ(m,m1) = λ(m1,m), and a regular varying
κ ∈ C((0,∞); (0,∞)) with index p ∈ [0, 1]
such that there exists λ−, λ+, κ+ > 0, κ(S) ≤ κ+(1 + S) and

a(m,m1, α) = λ(m,m1)g(α), λ−κ(S) ≤ λ(m,m1) ≤ λ+κ(S).

f Regularly varying with index p: if limx→∞
f(tx)
f(x) = tp for all t > 0.



Kernel Assumptions

Hard-potential collision rate.
(K2) B : (0,∞) × Sd−1 → [0,∞) is measurable, continuous and satisfies, for γ ∈ (0, 1),

B(Ered, ξ) = Eγ
redb(ξ), sup

e∈Sd−1

∫
Sd−1

b(e · ω)dω =: ∥b∥L1(Sd−1) < ∞.

Initial value.
(IC1) f0 ∈ L1(X; (1 +m+m|v|2)dx) and f0 ≥ 0 a.e. in X.
(IC2) f0 ∈ L1(X; (m|v|2)1+δdx) for some δ > 0.
(IC3) f0 ∈ L1(X; (m|v|2)1+γdx).
(Hp) f0 ∈ L1(X; (1 +m+m|v|2)pdx) for some p ≥ 1 + γ.



Moment

For a nonnegative density h on X, set

M0(h) :=
∫

X

h(x)dx, M1(h) :=
∫

X

mh(x)dx,

M2(h) :=
∫

X

m|v|2h(x)dx, P (h) :=
∫

X

mvh(x)dx,

Hp(h) :=
∫

X

(1 +m+m|v|2)ph(x)dx, p ≥ 1.

For a finite nonnegative Radon measure µ on X, we define the moments of µ by replacing
h(x)dx with dµ(x) in the above definitions.



Bounded mass-exchange kernels

Theorem (Global L1-theory, Luo–Liu, 2026)
Assume bdd mass-exchange rate, hard-potential γ ∈ (0, 1), finite initial physical moments.
Then (BME) admits a global nonnegative L1-integral weak solution f satisfying

f ∈ W 1,∞(0,∞;L1(X)) ∩ L∞(0,∞;L1(X; (1 +m+m|v|2) dx)),

Q(f, f) ∈ L∞(0,∞;L1(X)), ∂tf = Q(f, f) in L1(X) a.e.

For every t ≥ 0,

M0(f(t)) = M0(f0), M1(f(t)) = M1(f0), M2(f(t)) ≤ M2(f0).

If 1 + δ, δ > 0-order moment holds, then M2(f(t)) = M2(f0) for t ≥ 0.
If 1 + γ-order moment holds, f is the unique global solution in the energy-dissipating class.



Local theory for linearly growing mass-exchange kernels

Theorem (Local Hp-theory, Luo–Liu, 2026)
Assume linearly growing/regular varying mass-exchange kernels, hard-potential γ ∈ (0, 1), finite
initial physical moments, and 1 + γ-order moment. Set ϑ = γ/(p− 1), and

Λp = Cp,γAa∥b∥L1H1(f0)1−ϑ, Tp = Hp(f0)−ϑ

2ϑΛp
.

Then there exists a nonnegative conservative L1-integral weak solution on [0, Tp] such that

f ∈ L∞(0, Tp;L1(X; (1 +m+m|v|2)p dx)) ∩W 1,∞(0, Tp;L1(X)),

Theorem (Critical-moment continuation criterion, Luo–Liu, 2026)
Let f be a conservative Hp-solution on [0, T ), where T < ∞. If H1+γ(f) ∈ L1(0, T ), then f
extends to a conservative Hp-solution on [0, T + ε) for some ε > 0.



Global theory for regularly varying mass-exchange kernels

Theorem (Global L1-existence, Luo–Liu, 2026)
Assume linearly growing/regular varying mass-exchange kernels, hard-potential γ ∈ (0, 1), finite
initial physical moments. Then there exists a global nonnegative L1-integral weak solution f
satisfying

f ∈ W 1,∞(0,∞;L1(X)) ∩ L∞(0,∞;L1(X; (1 +m+m|v|2) dx)

Theorem (No mass gelation, Luo–Liu, 2026)
For every T > 0, let (fN )N≥1 be the mass-cutoff approximation sequence of f on [0, T ]. Then

lim
R→∞

sup
N≥1

sup
0≤t≤T

∫
{m>R}

mfN (t,x) dx = lim
R→∞

sup
0≤t≤T

∫
{m>R}

mf(t,x) dx = 0.

Thus no mass escapes to m = ∞ on any finite time interval.



Dust Condensation at m = 0
Take aNBN = min{aB,N} and consider the cutoff approximation solutions with initial data
f0. A compactness argument of (fN ) may yield a weak solution f to (BME) in the (weak)
limit.

Missing compactness near m = 0 and possible number condensation
▶ The physical bound does not imply

lim
r↓0

sup
N≥1

sup
0≤t≤T

∫ r

0

∫
Rd
fN (t,m,v) dv dm = 0.

▶ Since m|v|2 does not control large velocities when m ≪ 1, we cannot give tail estimates
for large v.

▶ Consequently, it is possible for a weak measure-valued limit to develop a zero-mass dust
condensation

µt(dm, dv) = ft(m,v)dmdv + δ0(dm) ⊗ νt(dv).

at finite time for t > Tcon. After the condensation time, the dust may also interact with
regular particles.



Mass gelation at m = ∞
Now let’s consider the case when the mass-kernel is linearly growing. For every cutoff
approximation, M1-moment is conserved. However, this does not give the required mass
tightness (no-gelation):

lim
R→∞

sup
N≥1

sup
0≤t≤T

∫
{m>R}

mfN (t,x) dx = 0.

A local Hp Estimate
▶ For the local case, a standard substitute is to assume a higher weighted moment:
Hp(f0) < ∞, p ≥ 1 + γ. Hence

Hp(fN (t)) ≤
(
Hp(f0)−ϑ − ϑΛpt

)−1/ϑ
, ϑ = γ/(p− 1), 0 ≤ t < Tp.

▶ But for T ≥ Tp, we cannot get the mass-tightness estimate, and the mass may escape to
m = ∞ in finite time. As a result, for a finite time Tgel, M1(ft) < M1(f0) for t > Tgel.
Gelation might happen in some cases.



No-Condensation: small-mass bootstrap

For r > 0, write Fn(r, t) :=
∫ r

0

∫
Rd
fn(t,m,v) dv dm. Test the cutoff equation with 1{m<r},

then

d
dtFn(r, t) ≤

∫
X2

∫ 1

0

∫
Sd−1

anE
γbfn(x)fn(x1)(1{α(m+m1)<r}+1{(1−α)(m+m1)<r})dωdαdx1dx.

Devide X2 = {m+m1 < ρ} ∪ {m+m1 ≥ ρ} for some 1 > ρ > r > 0.

▶ On {m+m1 < ρ},
∫

{m+m1<ρ}
anE

γfn(x)fn(x1)dx1dx ≤ CFn(ρ, t)2−γ .

▶ On {m+m1 ≥ ρ},∫ 1

0
an(m,m1, α)(1{α(m+m1)<r} + 1{(1−α)(m+m1)<r})dα ≤ 2Aar(1 + ρ−1).



Hence

d
dtFn(r, t) ≤ C∥b∥1Fn(ρ, t)2−γ + 4Aa∥b∥1M0(f0)2−γM2(f0)γr(1 + ρ−1).

Taking ρ =
√
r and integrating in [t0, t0 + τ ]

Define
LI = lim sup

r↓0
sup

N
sup
t∈I

FN (r, t).

If limr↓0 supN FN (r, t0) = 0, then taking the upper limit yields

LI ≤ CτL2−γ
I .

Because 0 ≤ LI ≤ M0(f0), choose τ > 0, independently of t0, N , so that CτM0(f0)1−γ < 1.
Then implies

LI ≤ CτM0(f0)1−γLI < LI

unless LI = 0; hence LI = 0.



Uniform integrability, estimates on good and bad collision sets
Define

UN (q, t) := sup
A⊂X measurable

|A|≤q

∫
A

fN (t, x) dx.

Define
ΛI = lim sup

q↓0
sup

N
sup
t∈I

UN (q, t),

with some careful estimates on good and bad collision sets, we obtain

ΛI ≤ 2τRε,κ,L + 2C1τB(σ).

where the angular absolute-continuity modulus

B(σ) = sup
e∈Sd−1

sup
O⊂Sd−1 measurable

|O|≤σ

∫
O

b(e · ω) dω.

One has B(σ) → 0 as σ ↓ 0.



No Gelation: hinge-token mass-moment Φ
To get the no-gelation, one need to analyze the incomparable collisions.

A hinge-token for comparable and incomparable collisions
Take HL(m) = (m− L)+. Consider the case where m = m1 = 50 and L = 50.
▶ For comparable collisions, α = 0.45, we have
HL(m′) +HL(m′

1) = HL(45) +HL(55) = 5.
▶ For incomparable collisions, α = 0.05, we have
HL(m′) +HL(m′

1) = HL(5) +HL(95) = 45.
Hence the hinge-token can identify whether the collision output is comparable or not, and we
can use it to control the mass escaping to m = ∞.
Exactly, we choose sequence of levels Lk = 2kL0 and choose weights qk and construct Φ(m)
such that

Φ(m) = m+
∞∑

k=0
qkHLk

(m),
∫

X

Φ(m)f0(x)dx < ∞, lim
m→∞

Φ(m)
m

= ∞.



Construction of weights qk

Choose L0 ≥ 1 so large that

T0 :=
∫

{m>L0}
mf0(x) dx ≤ 1

2 ,

and use dyadic levels

Lk = 2kL0, Tk =
∫

{m>Lk}
mf0(x) dx, k ≥ 0.

2−1/2qk ≤ qk+1 ≤ qk,

∞∑
k=0

qk = ∞,

∞∑
k=0

qkTk < ∞.



Localized and regularized collision forms, convergence
Choose

Kq = [rq , Rq ] ×BRq (0) ⋐ X, sup
N,t∈[0,T ]

∫
Kc

q

fN (t,x) dx ≤ q, sup
t∈[0,T ]

∫
Kc

q

f(t,x) dx ≤ q.

Here x = (m, v), x1 = (m1, v1), û = (v − v1)/|v − v1|, and E =
mm1

m+m1
|v − v1|2.

1. Localization of the incoming variables

QKq (g, g)[ψ] :=
1
2

∫ ∫
K2

q

∫ 1

0

∫
Sd−1

a(m,m1, α)Eγb(û·ω) ∆ψ g(x)g(x1) dω dαdx1dx.

2. Exclusion of the mass-exchange endpoints

QKq,ρ(g, g)[ψ] :=
1
2

∫ ∫
K2

q

∫ 1−ρ

ρ

∫
Sd−1

a(m,m1, α)Eγb(û·ω) ∆ψ g(x)g(x1) dω dαdx1dx.

3. Approximation of the angular kernel

QKq,ρ,j(g, g)[ψ] :=
1
2

∫ ∫
K2

q

∫ 1−ρ

ρ

∫
Sd−1

a(m,m1, α)Eγbj(û·ω) ∆ψ g(x)g(x1) dω dαdx1dx.

The continuous approximation bj ∈ C([−1, 1]) is chosen so that

δj := sup
e∈Sd−1

∫
Sd−1

∣∣bj(e·ω) − b(e·ω)
∣∣ dω −→ 0.



Summary of the mass-exchange work
Main results
▶ Built an L1-integral weak solution theory for the continuous-mass BME.

▶ Global theory for bounded mass-exchange kernels.
▶ Local Hp-theory for linearly growing kernels.
▶ Global no-gelation theory for regularly varying kernels.

Main mechanisms
▶ Replaced entropy compactness by a direct compactness bootstrap:

▶ no-dust small-mass estimate near m = 0;
▶ collision-geometry uniform integrability via the area formula.

▶ Replaced high-moment control by a tailor-made superlinear weight Φ.
▶ hinge-token detects incomparable mass-exchange;
▶ four-region decomposition absorbs the main positive flux.

Conceptual point

physical moments + collision geometry =⇒ global compactness without entropy assumptions.



Possible application 1: isotropic Bose–Boltzmann equation
▶ Nordheim (1928) introduced a quantum version of the Boltzmann collision law.
▶ Uehling and Uhlenbeck (1933) developed the corresponding kinetic equation. The

spatially homogenous Bose-Boltzmann equation reads

∂tf(t,v) =
∫
R3

∫
S2
B(v − v1, ω)[f ′f ′

1(1 + f)(1 + f1) − ff1(1 + f ′)(1 + f ′
1)]dωdv.

▶ The basic collision geometry remains the same as the classical Boltzmann equation, but
the occupation factor 1 + f records the bosonic transition rate. The factor reduces to
(1 + f + f1), compare with f + f1 in wave kinetic equation.

▶ If the interaction potential ϕ(·) is of the central form, i.e. ϕ(x) = ϕ(|x|), in the
weak-coupling regime, according to Erdös–Salmhofer–Yau (2004),
Benedetto–Pulvirenti–Castella–Espositon (2005) and Cai–Lu (2019, 2026), the collision
kernel

B(v − v1, ω) = 1
(4π)2 |(v − v1) · ω|Φ(|v − v′|, |v − v′

1|),

Φ(r, ρ) = (ϕ̂(r) + ϕ̂(ρ))2, ϕ̂(r) = Fϕ(ξ) ||ξ|=r .



Bose–Einstein Condensation
Physically, Bose–Einstein condensation means that a macroscopic fraction of the particles
occupies the ground state v = 0. For an isotropic distribution, set x = 1

2 |v|2 and Ft(dx) be
the measure-valued solution. Then Ft has a BEC at time t iff. Ft({0}) > 0.
Take

Nt :=
∫

[0,∞)
dFt(x), Et :=

∫
[0,∞)

xdFt(x), T

Tc
=

[
E0

Γ( 5
2 )ζ( 5

2 )

]2/5 [Γ( 3
2 )ζ( 3

2 )
N0

]2/3

.

The Bose–Einstein equilibrium where T/Tc < 11 is

Fbe(dx) =
√
xdx

exp(x/T ) − 1 +N0

[
1 −

(
T

Tc

)3/2
]
δ0(dx).

Question: If F0({0}) = 0, is it possible that Ft∗({0}) > 0 for some t∗ < ∞? Besides, is it

true that Ft(dx) converges to Fbe(dx) and Ft({0}) converges to N0

[
1 −

(
T
Tc

)3/2
]

=: Nc?

1This is equivalent to that the BEC happens in the equilibrium.



Cai–Lu 2026 prior work for Φ(r, ρ) ≈ (r2 + ρ2)η as r2 + ρ2 ↓ 0
Cai–Lu assume 0 ≤ Φ ∈ Cb(R2

+),Φ(r, ρ) = Φ(ρ, r).
▶ To obtain the condensation result, they assume ρ 7→ Φ(r, ρ) is nondecresing and
b0 min{1, (r2 + ρ2)η} ≤ Φ(r, ρ) ≤ 1.

▶ To obtain the noncondensation result, they assume Φ ∈ C2 and
0 ≤ Φ ≤ min{1, (r2 + ρ2)η}.

They obtain
▶ For η ∈ [0, 1/4), Ft({0}) → Nc, ∥Ft − Fbe∥1 → 0, Ft∗({0}) > 0 for finite t∗.
▶ For η ∈ [1/4, 1), choose α ∈ (0, 1 − η), if additionally E0/N0 ≤ [4(3/2 + α)]−1 and
F0([0, ε]) ≥ εα for ε ≪ 1, then Ft({0}) → Nc, ∥Ft − Fbe∥1 → 0, Ft∗({0}) > 0 for finite
t∗.n

▶ For η ≥ 1, Ft({0}) ≤ e48
√

2N(0)2tF0({0}).
Problem: In the assumption for η ∈ [1/4, 1), one can imply T/Tc ≪ 1, which restricts the
result in ultra-low-temperature regime. Besides, it also assumes a quantitative
concentration of the initial mass near x = 0, leaving untreated initial data whose mass is
initially located away from the origin.
Question: Can we remove the additional ultra-low-temperature and near-zero-condensation
assumptions?



Possible result we are working on

Possible result
Assume 1/4 ≤ η < 1, T < Tc and b0 min{1, (r2 + ρ2)η} ≤ Φ(r, ρ) ≤ 1. For the conservative
solution constructed by Cai–Lu, there exists t∗ < ∞ such that

Ft∗({0}) > 0, Ft({0}) → Fbe({0}).

▶ This will remove the Cai–Lu additional assumptions

T/Tc ≪ 1, F0([0, ε]) ≥ Cεα.

▶ What we are currently working: a revised version of small-mass bootstrap and hinge-token
moments from the mass-exchange model can provide a proof for the result.



Possible application 2: the 4-wave kinetic equation
Peierls (1928) first introduced the wave kinetic equation (also called the photon kinetic
equation). Note that occupation factor n1 + n2 instead of 1 + n1 + n2 in BEC, due to
massless nature of photons and no conservation of particle number.
For dispersion relation ω(k) = |k|α, the 3D 4-wave kinetic equation, formally derived by
Benney–Saffman (1966) and rigorously derived in α = 2 from cubic NLS by Deng–Hani (2023)
reads

∂tn(t,k1) = C[n](k1),

C[n](k1) =
∫
R9

δ(k1 + k2 − k3 − k4)δ(ω1 + ω2 − ω3 − ω4)[n3n4(n1 + n2) − n1n2(n3 + n4)] dk234.

Staffilani–Tran: 1 < α ≤ 2
▶ Finite-time action condensation: under suitable radial initial-data conditions, the

solution n(t, {0}) > 0 for some t < ∞.
▶ Energy cascade: the energy leaves every bounded frequency region as t → ∞.

Future possible applications to the mass-exchange model mechanism:
▶ (small-mass bootstrap) Finite-time action condensation phase transition for α > 0.
▶ (hinge-token moment) Finite-time energy cascade phase transition for α > 0.



The quasilinear kernel |ω1ω2ω3ω4|β

Fix the Schödinger dispersion ω(k) = |k|2, and consider the quasilinear NLS

i∂tu+ ∆u = |∇|β(|∇|βu||∇|βu|2), |∇| =
√

−∆, β ∈ [0, 1]

The corresponding quasilinear 4-wave equation introduced by Ampatzoglou–Léger (2024) is

∂tn(t,k1) = C[n](k1),

C[n](k1) = |k1|2β

∫
R9

(|k2||k3||k4|)2βδ(Σ)δ(Ω)[n3n4(n1 + n2) − n1n2(n3 + n4)] dk2dk3dk4,

where Σ := k1 + k2 − k3 − k4,Ω := ω1 + ω2 − ω3 − ω4.
Possible works:
▶ Finite-time action condensation possible transition at β = 1/4.
▶ Finite-time energy cascade possible transition at β = 2/3. (a mass exchange model

inspired threshold)



Future works for BEC and wave kinetic equation

Bose–Einstein condensation:
▶ Condensation for inverse-power and non-cutoff collision kernels
▶ Dynamics after condensation
▶ Non-radial and space-dependent condensation

Wave kinetic equation:
▶ Unconditional energy escape example for α > 3
▶ action condensation example for α < 1
▶ sharp condensation & cascade 2D transition diagram for (α, β).

Thank you!


